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INTRODUCTION

The popular financia literature contains a great deal
of debate (and some confusion) on the proper math-
ematics of performance and attribution. The debate has
recently heated up in regards to linking single-period
attributionresults. * A recent article by Damien Laker
(2002) describes a multi-period Brinson method for
calculating cumul ative attribution effects. Although this
method does not produce results at the sector level,?
the method produces portfolio level results.® Therefore,
if the multi-period Brinson method calcul ates the “ex-
act” portfolio level results, one could use this method
to judge other more complete “ approximate” methods.
Nevertheless, before we use the multi-period Brinson
method we need to challenge and/or verify the “exact-
ness’ of this methodology.

Although the analyst can often choose from amyriad of
acceptable solutions to a particular challenge, at times
it isinappropriate for the analyst to deviate from an ac-
cepted mathematical truth or axiom of finance. For ex-
ample, while there are many methods for caculating
single-period total returns? the industry unanimously
agrees on one universal method for compounding these
single-period tota returns. Similarly, while there are
many methods for calculating single-period attribution
effects,® there is only one mathematical truth for linking
single-period attribution results (Frongello 2002). In the
following paper | will:
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1. provide sound mathematical proofs of cornerstone
performance and attribution linking mathematics,

2. illustrate the importance of order dependencein cu-
mulative performance and attribution results, and

3. andyze the multi-period Brinson linking methodol-
ooy .

MATHEMATICAL PROCESS

One of the mgjor impediments to resolution of any math-
ematical debate occurs when statements are made with-
out adequate defense in the form of amathematical proof.

For example, | could propose the statement, If a right
triangle has legs A and B and hypotenuse C ,then A?+B?
= C2. Now you may recognize this statement as the
Pythagorean theorem, but, nevertheless, al I’ vegivenyou
isastatement containing ahypothesis (italics) and acon-
dusion(underlined), but I have proved nothing . A proper
proof would consist of the steps leading from the hypoth-
esis to the conclusion.® Then, the proof can only be chal-
lenged by chalenging one of the steps. A formd proof is
aso very helpful in mapping the steps the mathematician
took to solve the problem. For example, considering there
are over 1000 valid proofs for the Pythagorean theorem,
one would have trouble questioning the line of my logic
without knowing the path | chose. Therefore, it would be
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helpful to provide mathematical proofsof the cornerstone
performance and attribution linking mathematics. | will
not reinvent any process in these proofs; each step in the
logic of the following proofs will be supported by funda-
mental mathematical principles and truths. | will detail
the mathematica proofs of compounded tota return, com-
pounded absolute attribution,” and compounded relative
atribution.® Even if these forthcoming proofs do not give
us any closure in the current debate, they will at least
provide the steps for others to analyze and challenge.

COMPOUNDED RETURN
Statement

If thetotal returns of Period 1, 2, 3..... n are represented
by R, R, R,... R, then the cumulative return (R, )
over the Periods 1, 2, 3 ... n equals: ’

R, =[[ J@+R)I-1.
Proof

Assume you invest a certain beginning dollar base (B,).
Thedollar return earned in Period 1 (D, ) equalsthe base
of Period 1 (B,) multiplied by the return of Period 1
(R).

Adldi ng back the base, we get the total end amount of
Period 1 (E,), or, dterndtively, the beginning amount of
Period2 (B,).°

Where:

Dl_BlRl’

El B,*B,R,
E=B (1+R) and
B,= E =B, (1+R)).

In percentage terms, the return equals:

E/B-L,

[B,(1+R)1/B,1,
(1+R))/1-1, and
R,
The return in Period 2 (R,) is earned not only on the
origina base of Period 1 (B,) but dso on the dollars
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earned in Period 1 (D,). In other words, the return of
Period 2 (R,) is earned on the base of Period 2 (B,),
which is equivalent to the end amount of Period 1 (E,).
Dollars earned in Period 2 (D,) equals the base of Pe-
riod 2 (B,) multiplied by the return of Period 2 (R,).
Adding back the base of Period 2 (B,), we arrive at the
total end amount of Period 2 (E,).

Where:

D,-B,R

202

Ez B +BzR2’

E,=B,(1+R)), and
E,=B,(1+R)(1+R ).

In dollar terms, the return earned over the two periods
(D,,) equals the total dollars earned in Period 1 (D,)
plus the total dollars earned in Period 2 (D,).

Where:
D =D +D,,
D =B R +B ,R,,and

=B R 4B, (1+R)R,

In percentage terms, the cumulative return over Periods
1and 2 (R,,) equals the end amount of Period 2 (E,)
divided by the base of Period 1 (B,) minus 1.

R ,=E/B -1,
R,,=[B,(1+R )(1+R,)]/B, -1, and
o R,.=[(1+R )(1+R )] L

We can treat this result as a single-period return and
repest the process for additional periods. Substituting

inR, forR, and RgforR for Period 3, and so on and so
forth for PerlodsR Ry, ... R, oneis left with:

Rin= [H(1+ R)I-1,
i=1
which completes the proof.
COMPOUNDED RETURN AND ORDER DE-
PENDENCE

Dueto the commutative law of multiplication, which states
that when multiplication is the only operdtion in an age-
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braic term, multiplication can be performed in any order
without atering the result, ab = ba. In addition, the order
of operations in agebraic expressons is as follows:

1 Parentheses/Brackets,
2. Multiplication/Division, and then
3. Addition/Subtraction.

This order must be followed, completing equivaent op-
erations from |eft to right. Notice that the commutative
law applies to our compound return formula. Because
we are taking the product of the single-period returns
within the parenthesis before we perform the subtrac-
tion of the one, the ordering of the periods will there-
fore have no bearing on the resulting product and cu-
mulativetotal return. Alternatively, we can say that com-
pounded total returns are not ovder dependent.

Consider an example. A portfolio manager earns 20%
in Period 1 and 10% in Period 2 for acumulative return
of 32 percent. Now consider if the periodswerereversed
and the manager earned 10% in Period 1 and 20% in
Period 2 for a cumulative return of 32 percent. Notice
that the ordering of periods has no effect on the result-
ing cumulative tota return.

CUMULATIVE ABSOLUTE ATTRIBUTION
Statement

If thetotal returns of Period 1, 2, 3 ... n are represented
by R, R, R, ... R and the tota return in any period is
due to the sum of the absolute attributes A, B, C ... N

then the cumulative return over Periods 1 to n due to a
particular attribute Q (Q, ) isequal to:

Z[Q1H(1+ Rl

i=1
Proof
Assume you invest a certain beginning dollar base in
Period 1 (B, ). The dollar return earned in Period 1 (D,)
equals the Period 1 base (B,) multiplied by the Period 1
return (R)).
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Where:

R,=A+B+C +...+N,
D,=B.R,.and

—B (A B +C +...N)).
Adding back the base, we get the total end amount (E,):

E=B,+B,(A+B+C +...N))and
E=B,(1+A +B+C +...N)).

In percentage terms, the return equals:

E,/B,-1,

B,(1+A +B,+C +...N,)/B -1,
(1+A +B +C+...N,)/1-1,and
A +B+C +..N,.

Thereturnin Period 2 (R,=A,+B,+C,+...N,) isearned
not only on the original base of Period 1(B,) but aso on
the dollars earned in Period 1 (D,). In other words, the
return of Period 2 (R,) isearned on the base of Period 2
(B,) which is also equivaent to the end amount of Pe-
riod 1 (E,). Dollars earned in Period 2 (D,) equals the
base of Period 2 (B,) multiplied by the return (R,), or,
dternatively, the attributes (A, +B,+C_+...N,) of Period
2. Adding back the base of Period 2 (B,) wearrive at the
total end amount of Period 2 (E,).

Where:

D,=B,R,,
D,=B,(A+B,+C,+...N,),
E,=B,+B,(A,+B+C,+...N,),
E,=B,(1+A,+B,+C,+...N,),and
E,=B,(1+R)(1+A,+B,+C+...N,).

In dollar terms, the return earned over the two periods
dueto a particular attribute Q (D, ,) equals the sum of
the dollars earned in Period 1 due to attribute Q (D,,,)
and the dollars earned in Period 2 due to attri bute Q
(Do)

Where:
D :D +D
Q —B Q +B Q ad
7B Q +B (1+R )Q,.
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In percentage terms, the cumulative return over the two
periods due to attribute Q (Q, ,) equals the total dollars
earned due to attribute Q (D .. ) divided by the base of
Period 1 (B,).

QL2

Where:

Q =D 1,/B1;
—(B Q +Bl(1+R1)Q2)/B
1'2:Q +(1+R1)Q

We can treat this result as a single-period result and re-
peat the process for additiona periods. Substituting in
Q,, for Q,, Q,for Q,,andR_,for R, for Period 3, and so
onand so forthfor R,, R;, ... R, oneis|eft with:

n i-1
Qua =D [Q] J(@+R)T
i=1 j=1
which completes the proof.

CUMULATIVE ABSOLUTE ATTRIBUTION
AND ORDER DEPENDENCE

From our preceding proof, we can offer the following
intuitive interpretation. The portion of the total cumula
tive return due to a particular attribute is the sum of
each period's attribute scaled by the cumulative return
through the prior period. Notice that we complete the
operations within the brackets before we sum these re-
sults over the periods. The contribution to cumulative
total return of a particular single-period attribute is a
function of two items:

1. the magnitude of the attribute and

2. the cumulative total return earned by the portfolio
through the prior period.

Notice here that we have shown that any particular at-
tribute is scaled by the cumulative total return and not
necessarily by the cumulative total return associated with
that particular attribute alone. Why? Because, as was
shown earlier, an attribute is a return earned off a cer-
tain base. The base of the period in question relative to
the base of Period 1 isafunction of the cumulative total
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return through the prior period. Defining the growth of
the base by one particular attribute aone can signifi-
cantly misstate the base and result in an inaccurate con-
tribution to cumulative attribution. Therefore, since any
single-period attribute’s contribution to cumulative re-
turn is partly dependent on the return through the prior
period, or smilarly the period in which the attribute
occurs, it isclear that cumulative absolute attribution is
order dependent.

Consider an example. A portfolio earns a 10% total re-

turn in Period 1 due entirely to attribute A. In Period 2,

the portfolio earns a 10% total return due entirely to

atribute B. Although the attribute B earned 10% in Pe-

riod 2, the contribution to cumulative return is actudly

11 percent. We arrive at the Period 2 contribution to

cumulative return by scaling the attribute B by the Pe-

riod 1 tota return, regardless of whether the Period 1
return was earned by attribute A and/or B. In calculat-

ing the contribution to total cumulative return of at-

tributes, we should be concerned with how much the

origina investment base has grown or, likewise, how

much cumulative tota return the portfolio has earned
through the prior period. Attribution effects are earned
off abase that may have grown due to any combination

of attributes. Notice that we scaled the 10% Period 2
return due to attribute B, by the Period 1 tota return of
10 percent. In scaling the Period 2 attribute we are only

concerned with the prior cumulative total return and not

where thistotal return came from. By scaling attributes
inthismanner, we relate the single-period resultsto their

impact on cumulative return. We see from the example

that attribute A contributed 10% and attribute B con-

tributed 11% to the total return of 21 percent. If were-

verse the periods, A contributes 11% and B contributes
10 percent. Thus, the ordering of periods changes the

cumulative absolute attribution results, indicating the

order dependence of cumulative absolute attribution.

CUMULATIVERELATIVEATTRIBUTION
Statement

Given that the difference between the portfolio return
during a Period t, R, and the benchmark return during a
Periodt, R,can beexplained by the sum of aset of rela
tive attri butes a, b, c, ... n, whereattribution effect G

’t’t
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represents the relative outperformance due to attribute
b during time t, then the cumulative relative outperfor-
mance due to attribute b between Period 1 and Period n
(b,,) equas (Frongello, 2002):

n
bl,n = z Ftb’
where: =1
t-1

t-1 _
Fo =G| A+ R)+RDFy .
=1

=1

.. nand

We saw in an earlier proof that the cumulative return
for the portfolio over two periods (R, ,) can be shown
as.

R,,=(1+R)(1+R )1,
1’2-(1+ﬁ1+a1+b +c+...n)(1+R,+a,th,+c, +...n,)-1,
R,=(1+R,+a,+, +c +..n)(1+R,)
+(1+ R1+al+b +C, + nl)(az+b +C,+. nz)—l
Ry,=(1+R, L+ R, )@ +h 4, +...)(L+R,)
+H1+R,+a+h +c +...n)(a+b+c,+...n )1,
R,=(1+R,)(1+R,)+(a +b,+c,+...n)(1+R,)
+(1+R )(a,+b,+C,+...n,)-1,
R,,=(1+R,)(1+R,)-1+(@+b+c,+...n)(1+R,)
+H1+R ) (a,+b,+C,+...n),
R, =ﬁ1,2 +HaH e +...n)(1+R,)HI+R ) (a0, *C,+...n),
R, ,=R,H@tb+c +...n+R,(a+b+c +...n)
+(1+Rl)(az+b +c +...n,),and
Ry, - PHLAR )82, 56, ..

+R2(a1+b +C,+. nl)

Since we know that the contribution to relative cu-
mulative outperformance of Period 1 is equivalent to
the sum of the attributes of Period 1 (a +b,+c,+...n),
then we can say the contribution of Period 2 to the
total cumulative relative outperformance is equiva-
lent to (1+R)(a,+h,+c,+...n)+ R, (a,+h,+c +...n).
Using the distributive property of multiplication,
which statesthat if A(B+C+D) then AB+AC+AD, the
cumulative effect of an attribute b over the two peri-
ods (b, ,) can be shown as, iy ,=b,+(1+R )b,+R,b,.
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We can treat this result as a single-period result and
repeat the process for additional periods. Substitut-
inginh , for b, R ,for R, b, for b, and R, for R,in
Period 3 and so on and so forth for Perlods 4,5, .

n, we are left with the Frongello linking algorlthm
(2002).1°

The Frongello Linking Algorithm:

bl,n = Z Ftb’
t=1
t—

Fp = th(1+ R))+RD_Fy

j

where:

,_\

X
=

which completes the proof.

CUMULATIVE RELATIVE ATTRIBUTION
AND ORDER DEPENDENCE

From the above proof, | can offer the following intui-
tive interpretation. The portion of the total cumulative
relative return due to a particular attribute is the sum
of aset of expressions. The expression in each period
equals the period's attribute scaled by the cumulative
return through the prior period plus the product of the
cumulative attribution for that attribute through the
prior period and the current period benchmark return.
Again, notice that we complete the operations within
the brackets before we sum these results for the peri-
ods. A particular period attribute’ s contribution to cu-
mulative relative over/under performance is afunction
of three items:

1. the magnitude of the attribute,

2. thecumulativetota performance earned by the port-
folio prior to the period in which the particular at-
tribute occurred, and

3. therate of total return of the benchmark in the pe-
riod in which the attribute occurred.

Therefore, since we have shown that the contribution
to cumulative over/underperformance of a particular
attribute is due not only to the magnitude of the par-
ticular attribute but also by the period in which it was
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earned, we can conclude that cumulative relative at-
tribution is order dependent.

Consider another example. In Period 1, our portfolio
returns 20% while the benchmark returns 10 percent.
Our outperformance of 10% is due to 5% from aloca
tion and 5% from sdection. In Period 2, our portfolio
returns 10% while the benchmark returns 5 percent. Our
outperformance of 5% is due to 2% from alocation and
3% from selection. The cumulative performance of the
portfolio is 32% versus the benchmark of 15.5% for an
outperformance of 16.5 percent. We can explain thistotal
from our attributes as follows. We add the Period 1 at-
tributes to the scaled Period 2 attributes. Similar to ab-
solute attribution, to scale rel ative attributes we take the
product of the period attribute and the cumulative re-
turn through the prior period:

»  Allocation =5%+2%(1+20%)=7.4% and
*  Sdection =5%+3%(1+20%)=8.6%.

At this point, we've applied the same scaling we used
in the absolute compounding. However, our attributes
only sum to 16% and we're trying to explain 16.5 per-
cent. Where is this extra 0.5% coming from? While
the absolute attribution we saw earlier explained al
total portfolio performance by a set of attributes, rela
tive attribution only explains the active return relative
to abenchmark. We have to recognize in relative attri-
bution that the total portfolio return is composed of
the attributes and the benchmark return. So far, we've
only addressed the scaling of the attributes. We have
to recognize that in Period 2 part of our 16.5% cu-
mulative outperformance occurs because the outper-
formancein Period 1 (our attributesin Period 1) isalso
earning the benchmark component of return. We sim-
ply recognize that a portion of our base (the portion
that over/underperformed the benchmark in Period 1)
is earning the benchmark component of return. To the
scaled attributes, we add the product of the net prior
effect due to each attribute and the current period
benchmark return. Finally, we've explained 100% of
the relative 16.5% performance.

* Allocation =7.4%+(5%x5%)=7.65% and
»  Sdlection =8.6%+(5%x5%)=8.85%.
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With periods reversed, the results become:
»  Allocation =2%+5%(1+10%)+(2%x10%) =7.7% and
»  Sdection =3%+5%(1+10%)+(3%x10%) =8.8%.

Changing the ordering of periods produces very simi-
lar, but, nonetheless, different results. Similar to abso-
lute attribution, properly compounded relative attribu-
tion is order dependent.

MATHEMATICAL CERTAINTY

The preceding proofs are not smply the opinion of an
individua anayst which can be open to debate and in-

terpretation. These proofs are the mathematical certain-

ties of performance and attribution linking which can-

not be ignored. The tools of my argument and defense
are the unchallenged sound principles of mathematics.

I’ll embrace and appreciate anyone who can help me
understand any potential flaw inmy logic. My first com-

rade to question the logic presented in this paper is a
gentleman by the name of Damien Laker, and therest of

my paper will address his comments.

THE MULTI-PERIOD BRINSON MODEL

The method described by Laker (2002) uses the port-
folio quadrants (See Figure 1) described by Gary
Brinson and Nimrod Fachler in 1985. The Brinson
method is an industry accepted methodology for cal-
culating single-period attribution results. As you can
see in Figure 1, the single-period attributes are calcu-
lated smply by subtracting the appropriate quadrants.
In the multi-period Brinson model described by Laker,
the cumulative portfolio level attributes are computed
similarly by compounding the single-period quadrant
portfolios over multiple periods and performing the
same arithmetic described in Figure 1. Laker makes
the majority of the comments and criticisms in his pa
per based on the assumption that the multi-period
Brinson model produces the correct cumulative port-
folio level results. Therefore, the easiest method to ad-
dress the majority of Laker's linking comments and
criticisms is to focus on challenging the multi-period
Brinson method.
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THE MULTI-PERIOD
BRINSON METHODOLOGY Figure 1
Brinson Attribution.
Laker (2002) offers for defense of Single Period Brinson Multi-Period Brinson
the multl—pa"lod Brinson modd, the Portfolio Benchmark Portfolio Benchmark Sector
. Sector Returns | Sector Returns Sector Returns Returns
following statements: ™) m ™) D)
Portfolio Active Asset Portfolio Active Asset
1 the method's “single exact an- 2 o ﬁ Allocation Fund Allocation Fund
. =) s
swer flows directly from the § 3 § Swhor! Swhort [ TT@+Z wie ) =1 [T @+X wr.r) -1
axioms of the Brinson modd,” A~ I I ' J ' I
p : 2 am 0) am 0)
2 ':'the universal Iy _accepted "':' g" Active Stock Benchmark Active Stock Benchmark
principle that portfolio returns | £ Selection Fund Selection Fund
H ” >}
compound over time, E g Xowier! owhert | TT@+X wy-r/)- 1| IT(@+X wi.r)-1
] ] ) % J J t j t J
3. “The multiple-period attributes
calculated thisway always sum Asset Allocation = 11-1
exactly to the active return,” Selection =1l
Interaction = IV-I-1+
4. *“..the naively compounded at- Total =1V

tributestend to consistently sup-
port the exact method,” and

5. “l suggest that order dependenceisactually awesk-
ness ....rather than astrength.”

| will deal with each of these comments in turn.

The method' s“single exact answer flows directly from

the axioms of the Brinson model.” Other than this state-

ment, Laker leaves no further defense as to why when
the single-period notiona portfolios are compounded,

they reflect the“ exact” portfolio leve attribution results.

“When one subtracts the benchmark return from the

Quadrant Il return, one obtains a “pure” measure of
the extent to which asset allocation decisions have added
value relative to the benchmark —whether the calcula-

tion is over one period or multiple periods.” Again, Laker
makes very bold statements with no reasoning asto why

thiswill be accurate over multiple periods. Laker leaves
no further defense or line of reasoning as to the
compoundability of the Brinson notiona portfolios over

time. He smply assumes that since the single-period

Brinson mode notional portfolios are accurate at ex-

plaining single-period attribution and because total re-

turns compound over time thet it is appropriate to com-

pound the single-period notional portfolios. This is a
poor assumption, as we will see next.
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| would argue thet the Brinson single-period notiona port-
folios are accurate at caculating the attribution of outper-
formanceover acertain baseinthesingle-period. But what
Laker overlooksisthat the Brinson mode decompaoses the
growth over the base of a performance period, and at the
end of each period, the base for the next performance pe-
riod is influenced by totd return. As seen in our earlier
proofs, the contribution to cumulative outperformance of
a paticular atribute is partly due to the totd cumulative
performance earned by the portfalio through the prior pe-
riod, or dternatively, the magnitude of thetotal growth over
the origind Period 1 base. Sdection and dlocation effects
inlater periods are earned off a base that may have grown
due to sdection or dlocation or probably both. To com-
pound sdection (dlocation) effects only on the portion of
the base that has grown due to sdlection (dlocation) ef-
fects done will leave cumulative sdection (dlocation) ef-
fects severdly understated. 1! Notethat by compounding the
notiond portfolios (which by design capture only thesingle-
period relative return dueto dlocation or selection) Laker's
multi-period Brinson method introduces this same under-
datement. Remember this important point, atributes are
smply a component of total return. Totd return (and its
components) compound over tota return, rather than the
collective effects of alocation or selection alone.
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Laker seemsto feel that because of “...the universally
accepted principle that portfolio returns compound over
time” thiswarrants the compounding of the components
(Brinson notiona portfolios) of total portfolio returns.
Although Laker leaves this careless assumption unde-
fended, I'll offer two counter arguments. First, as we
have seen in the earlier proofs, athough total returns
compound over time in the traditional sense of the term
“compound,” we have aso seen that the linking of total
return attributes is a dightly more complex process. If
the smple compounding of attributes worked without
leaving a substantially unexplained residual, you (1)
would not have read (written) this paper. As a second
counter argument, let me offer something from the pen
of Laker himsalf, “it is not mathematically justifiable to
simply compound attributes over time,” which is a
method known as naive compounding. Compounding
the notional portfolios in the spirit the multi-period
Brinson modd suggests is not only unjustified, but, as
mentioned earlier, this method will leave cumulative
selection and allocation effects severely understated. An
interesting question arises at this point if both aloca
tion and selection are severely understated, doesn’t some
attribute have to be overstated? | address this concern
next.

“The multiple-period attributes calculated this way al-
ways sum exactly to the active return.” Referring back
to Figure 1, it seems intuitive that the compound of
Quadrant 1V portfolios will result in the cumulative re-
turn of the portfolio and that the compound of Quadrant
| portfolios will result in the cumulative return of the
benchmark. Thedifferenceinthesewill bethetota value
added, which we hope to describe asthe sum of the port-
folio leve attributes. The asset dlocation (security se-
lection) in the single-period is defined as the portfolio
in Quadrant 11 (111) minus the portfolio in Quadrant I. In
the multi-period Brinson framework, the asset aloca
tion (security selection) result is smply the compound
return of al Quadrant I (111) portfolios minus the com-
pound return of al Quadrant | portfolios. Again, this
result will be severely understated because the compound
of Quadrant Il (I11) portfolios will not capture the tota
cumul ative effect of asset allocation (security selection).
You'll notice that the find effect, interaction, is not cal-
culated on its own, but rather it is the active return left
over after allocation and selection are calculated. There-
fore, regardless of how naive the cumulative alocation
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and selection are calculated, the interaction serves as a
fudge number that will aways get you back to the total
active return. As mentioned earlier, because selection
and alocation will be severely understated, interaction
will be overstated by an amount equal to the net under-
statement from allocation and selection. The degree of
these misstatements will increase as the returns and pe-
riods under question increase.

Let’slook at an example. Noticein Table 1, we have the
sngle-period detistics from Frongello’'s 2002 Table 3.
We have the single-period attribution calculated and the
atribution also quoted in percent relative to the tota
outperformance.’? Note that in the single-period, total
allocation accounts for 37.5% of the relative outperfor-
mance, selection accounts for 62.5% of the relative out-
performance, and interaction accounts for 0% of therela
tive outperformance at the portfolio leve. Interestingly,
when compounding identical periods of relative attri-
bution, the proportiona relationship of the attributes is
maintained in the linked results. Why? Because with
identical periods the single-period attribution results are
identical, current attributes are scaled by the same
amount (cumulative return through the prior period), and
past attributes are carried into the future by the same
amount (current period benchmark return), the propor-
tionality holds. However, look at the Laker results after
three periods. According to Laker, the percentage of rela
tive outperformance due to allocation is 37.14%, selec-
tion is 62.14%, and interaction is 0.72 percent. At this
point I must ask, how can three periods without any
portfolio leve interaction result in 0.72% of the cumu-
lative outperformance due to interaction? As mentioned
earlier, Laker is severely understating cumulative selec-
tion (allocation) results by compounding selection (a-
location) results only off the portion of the base that has
grown due to selection (alocation). This is wrong. As
seen in our proof, any attribute earned in a period com-
pounds over the cumulative total return through the prior
period, regardless of how that cumulative total return
was earned. As mentioned earlier, the misstatements
become larger over more periods. For example, Table 2
shows the percentage of outperformance explained by
each attribute when the Table 1 results are carried over
an increasing number of periods. Notice how the
Frongello, Carifio, and Mencherc*® methods maintain
the proportionaity of the results as the number of peri-
odsincreases. However, when enough periods are linked
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Table 1

A Re-Presentation of Frongello’s Figure 3 (2002).

Single Period Statistics

Portfolio Benchmark
Weight Return Weight Return
Stock 80.00% 6.00% 60.00% 5.00%
Bond 20.00% 3.00% 40.00% 2.00%
Total 5.40% 3.80%
. iod ibuti
Allocation Selection  Interaction

Stock 0.24% 0.60% 0.20%
Bond 0.36% 0.40% -0.20%
Total 0.60% 1.00% 0.00%

Difference 1.60%

Single Period Attribution In Terms of Percent

Stock 15.00% 37.50% 12.50%
Bond 22.50% 25.00% -12.50%
Total 37.50% 62.50% 0.00%

Difference 100.00%

Three ldentical Periods Compounded

Portfolio 17.09%
Benchmark 11.84%
Difference 5.25%
Frongello/Carifio/Menchero
Allocation Selection  Interaction
Stock 0.79% 1.97% 0.66%
Bond 1.18% 1.31% -0.66%
Total 1.97% 3.28% 0.00%
% of Attribution 37.50% 62.50% 0.00%
Allocation Selection  Interaction
Stock NA NA NA
Bond NA NA NA
Total 1.95% 3.26% 0.04%
% of Attribution 37.14% 62.14% 0.72%
The Journal of Performance M easurement -62-

together with the multi-period
Brinson method, the understatement
for Selection and Allocation be-
comes so severe that ultimately
99.99% of the relative outperfor-
manceis said to come from interac-
tion. | find this mideading, consd-
ering that each period has no inter-
action at dl.

Let’s consider another intuitive ex-
ample that will bring to light the
flaw in the multi-period Brinson
method. Consider asmall cap port-
folio manager that decides the next
month only to make selection bets
in her portfolio. At the end of the
month, she has earned a 40% re-
turn while the benchmark has re-
turned only 10%, beating the index
by 30% due entirely to selection.
In the next month, she removes al
selection bets and decides to make
only allocation bets. At the end of
the second month, she has once
again beaten the index by 30%,
achieving a total return of 40%
while the index returns 10 percent.
Over the two-month period, the
manager hasreturned atotal return
of 96% while the index returns
21%, for an outperformance of 75
percent. The multi-period Brinson
model would say that 33% comes
from dlocation, 33% comes from
selection and the other 9% comes
from interaction. How can 9% due
to interaction make sense when
neither period witnessed any inter-
action effect? It does not make
sense, and | believe anyone who
has read this far would agree. At
this point, it is clear that allocation
and selection are not being com-
pounded properly in the multi-pe-
riod Brinson model, and the model
is using interaction to pick up the
slack.
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Table 2
Percent of Outperformance Explained By Attributes Over Time.

Frongello/Carifio/M enchero

Multi-Period Brinson

Periods Allocation Selection Interaction Allocation Selection Interaction
3 37.50% 62.50% 0.00% 37.14% 62.14% 0.72%
25 37.50% 62.50% 0.00% 33.27% 58.15% 8.58%
100 37.50% 62.50% 0.00% 21.56% 44.48% 33.97%
250 37.50% 62.50% 0.00% 7.20% 22.30% 70.50%
500 37.50% 62.50% 0.00% 0.80% 5.71% 93.48%
2000 37.50% 62.50% 0.00% 0.00% 0.00% 100.00%

“...The naively compounded attributes tend to consis-
tently support the exact method.” Laker noticed that the
multi-period Brinson results in some Situations seem to
produce results quite smilar to the naive compounding
of attributes. In all fairness, based on the naiveté of the
multi Brinson Laker modd...I wouldn’t doubt this state-
ment. You'll notice that the naive method and Laker's
multi-Brinson model make the same critica “naive’
mistake. Both methods compound attributes only on the
portion of total return earned by that particular attribute
aone. The only difference is that in the multi-period
Brinson mode the methodologica misstatement that is
usualy left as an unexplained residual in the naive
method is conveniently buried in interaction. Due to the
methods similar critica flaw, it does not surprise me
that the results are smilar.

“I suggest that order dependence is actually a
weakness...rather than a strength. Compounding is a
multiplicative process, and as everyone knows, ab =
ba. This provides no reason whatsoever for thinking
that it would be correct for a multi-period attribu-
tion method to produce different results if the order
of periods was reversed.” | agreewith part of Laker’s
sentiment. Compounding is a multiplicative process,
and | recognized the associative law of multiplica-
tion in my proof of cumulative total return when |
showed that cumulative compound return is not or-
der dependent. In my proofs, | showed that in math-
ematics it is necessary to respect not only the asso-
ciative law of multiplication but also the order of
operations governing mathematics. These sound prin-
ciples of mathematics are neglected in the multi-pe-
riod Brinson model. If multiplication were the only
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process involved in linking single-period attributes,
then | would agree that the ordering of periods would
not matter; however, attribution linking is a more dy-
namic mathematical process than the ssimple com-
pounding of total returns. In properly linking attributes
one has to recognize that single-period attributes are
additive while the compounding is multiplicative, re-
quiring that a specific sequence of multiplication and
addition must be maintained in the proper linked re-
sults. As we have seen in earlier proofs, when com-
puting compound total return, the results would not
be affected by rearranging the periods. However, we
defined both attribution-linking formulas as the sum
of a set of expressions. These expressions must be
completed before they are summed. Since the expres-
sions scale the current attributes by the cumulative
return earned through the prior period, the ordering
of the periods will have an effect on the cumulative
return through the prior period and thus, the scaling
applied to the attributes. Contrary to Laker's com-
ment, since we have shown that the ordering of the
periods will have an impact on the scaling applied to
the attributes, we can conclude that properly linked
attribution results are order dependent.

CHALLENGE

At this point, | would like to address a challenge of-
fered by Laker in regards to Table 3of my latest pa-
per. Laker asksthe following question, “If asset allo-
cation subtracted value from the fund in the first two
periods, and added 34% in Period 3, how can one
possibly justify the conclusion that asset allocation
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Table 3
A Re-Presentation of Frongello’s Figure 7 (2002).

Portfolio Benchmark
Period 1 Weight Return Weight Return Allocation Selection Total
Stock 70.00% 45.00% 50.00% -25.00% Stock -2.00% 49.00% 47.00%
Bond 30.00% 5.00% 50.00% -5.00% Bond -2.00% 3.00% 1.00%
Total 100.00% 33.00% 100.00% -15.00% Total -4.00% 52.00% 48.00%
Portfolio Benchmark
Period 2 Weight Return Weight Return Allocation Selection Total
Stock 15.00% 40.00% 10.00% 10.00% Stock -0.45% 4.50% 4.05%
Bond 85.00% 40.00% 90.00% 20.00% Bond -0.05% 17.00% 16.95%
Total 100.00% 40.00% 100.00% 19.00% Total -0.50% 21.50% 21.00%
Portfolio Benchmark
Period 3 Weight Return Weight Return Allocation Selection Total
Stock 95.009 5.00% 10.00% 45,00% Stock 30.60% -38.00% -7.40%
Bond 5.00% 45.00% 90.00% 5.00% Bond 3.40% 2.00% 5.40%
Total 100.00% 7.00% 100.00% 9.00% Total 34.00% -36.00% -2.00%
Portfolio Benchmark Diff
Frongello 99.2340% 10.2535% 88.9805%

added substantially more than 34% over all three pe-
riods? I invite advocates of all the other methods to
answer this specific question”

The correct answer for total alocation is 57.3948 per-
cent. Hereishow | arrived at thisanswer. First, keepin
mind that we are trying to explain our overperformance
of 88.9805% relative to the index due to the attributes
alocation and selection. We can see plainly, that after
Period 1, allocation was responsible for detracting —4%
relative to the benchmark, while the portfolio overall
returned 33% due to incredible stock selection. In Pe-
riod 2, relative to the new investment base (the base in
Period 2 is now 33% larger than the original Period 1
base), the portfolio earned —0.50% due to alocation.
Stll, relative to the origind investment base, the —0.50%
actualy contributes—0.50%(1.33)=—0.665 percent. Also
at this point, we have a dight challenge. Our god is to
describe the total outperformance in terms of the at-
tributes. However, we need to recognize that in Period
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2 the portfolio is earning more at the benchmark com-
ponent of return. How? Unlikethefirst period, the larger
second period base of the portfolio has a larger invest-
ment base in the benchmark. Alternatively, a portion of
the base in Period 2, due to the attributes earned in Pe-
riod 1, is earning the benchmark return. If our goal isto
quote all outperformance in terms of attribution effects,
then the component of outperformance due smply to
having a higher base earning the benchmark return will
not be picked up in the attributes without intervention.
Recognize that the additiona portion of the portfolio
base that is earning the passive return in Period 2 is due
to the attributes earned in Period 1. So in Period 2, we
recognize that any attribute earned in Period 1, com-
pounds into the future with the benchmark return. Thus,
in Period 2, we also add the product of the return dueto
alocation in Period 1, —4%, and the benchmark return
of Period 2, 19%, or —4%(19%) = —0.76 percent. This
results in atotal Period 2 contribution to relative return
of -0.665% + —0.76% = —1.425 percent. Cumulative

Fal 2002




contribution to relative return due to alocation over
Periods 1 and 2 then equals —4% + —1.425% = -5.425
percent. Period 3 ishandled the same way, return due to
dlocation equals 34%, but keep in mind that this is the
period return over a base that has grown (1 + 0.33)(1 +
0.40)—1=86.2 percent. So the Period 3 attribute of 34%
equates to a cumulative contribution to relative return
dueto alocation of 34%(1.862) = 63.308 percent. Again
the allocation results of the prior periods (-5.425%) are
carried through the third period at the rate of return of
the benchmark (9%), —5.425%* 9% = —0.48825 percent.
Therefore our total contribution to relative return in
Period 3isequa to—-0.48825% + 63.308% = 62.819750
percent. The combined contribution of all three periods
equals —4% + —1.425% + 62.819750% = 57.39475 per-
cent. Even though sdlection was primarily responsible
for increasing the investment base in Periods 1 and 2,
the quoted returns due to allocation in each period are
earned off the total base of that period, regardless of
how that larger base was achieved. The tota invest-
ment base grew by 86.2% right before the Period 3 allo-
cation attribute of 34 percent. Smilar to compounding,
this nomina 34% relative single-period return equated
to a contribution toward cumulative outperformance of
63% simply because the base grew by a large percent
over Periods 1 and 2. Weall need to recognize that single-
period attribution results are relative to the base of the
single-period and we need to relate these single-period
results to the base of the entire cumulative period in
order to understand attribution over the cumulative pe-
riod.

CONCLUSION

The purpose of this paper was twofold,

1. to provide the mathematical proofs for cornerstone
performance and attribution linking mathematics
while illustrating the importance of order depen-
dence, and

2. to critique the multi-period Brinson methodology.

While | recognize the various single-period return cal-

culation and attribution schemes embraced as accept-

able dternatives by the investment community, | main-
tain that the preceding proofs and formulae stand as the
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universal methods for compounding single-period re-
turns and attribution statistics. The linking of perfor-
mance and attribution results is not open to interpreta-
tion and/or debate. The methodologies provided in the
preceding proofs should be all encompassing of any and
every arithmetic single-period attribution scheme. These
proofs not only outline the true mathematica relation-
ship involved in linking these gtatistics but aso bring to
light the topic of order dependence. While compounded
total returns are not order dependent, | showed that cu-
mulative absolute and relative attribution results are or-
der dependent.

The second goal of the paper served as aresponse and
critique towards Laker’ s multi-period Brinson modd!. |
have provided overwhelming evidence of the shortcom-
ings of the multi-period Brinson modd that | will recap
briefly. First, before | even questioned the accuracy of
the multi-period Brinson modd’ s portfolio level results,
| noted that a serious shortcoming of the multi-period
Brinson method is that it is incapable of calculating
sector level results. Despite this deficiency, Laker ar-
gued that the portfolio level resultsare“exact” and con-
tinued that the multi-period Brinson method should be
used to judge or scale more complete “ approximate”
methods. | continued by challenging the accuracy of
the “exact” portfolio level results of the multi-period
Brinson methodology. | found that the multi-period
Brinson method is critically flawed and offered the fol-
lowing observations as evidence. By compounding the
active selection (alocation) single-period notional port-
folios, the method only compounds the single-period
selection (alocation) results earned over the portion of
the portfolio that has grown due to selection (alloca-
tion) aone. Thisis a perilous flaw of the method. I’ ve
illustrated that because single-period attributes com-
pound over the total cumulative return of the portfolio,
the treatment described in the multi-period Brinson
example will leave sdlection and alocation severely
misstated with the interaction term serving as a fudge
number. We ve seen this with straightforward and in-
tuitive examples. Furthermore, through the preceding
examples and proofs | have established that although
compound total returns are not order dependent, the
accurate linking of single-period attribution results are
order dependent. All in dl, the multi-period Brinson
method is a week linking agorithm. It is not only inac-
curate but it is aso incomplete.
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2 The multi-period Brinson method cannot calculate the
cumul ative sel ection effectswithin asset classes or the cumula-
tive allocation effects within asset classes. For example, it can-
not cal culatethe cumul ative effect of stock selection, thecumu-
lative effect of bond allocation, etc.

3 The multi-period Brinson method produces a cumula-
tive selection effect of all classes together and a cumulative
allocation effect of all asset classestogether.

4 Linked daily, linked between cash flow dates, Dietz,
modified Dietz, interna rate of return, etc.

5 Fama (1972), Brinson and Fachler (1985), Dietz,
Fogler, Hardy (1980), Rudd and Clasing (1982), Fong,
Pearson, and Vasicek (1983), Allen (1991), Ankrim (1992),
Ankrim and Hensel (1992), Karnosky and Singer (1994),
Burnie, Knowles and Teder (1998), Singer, Gonzalo, and
Lederman (1998)

6 An example of asimple proof of the Pythagorean theo-
rem can be found at this website: http://asuwlink.uwyo.edu/
~lane.

This proof was discovered by President James A. Garfield in
1876. The key of this proof is to use the formulafor the area
of atrapezoid : half sum of the basestimes the altitude = (a+
b)/2 * (a+ b). We will put this formula for the area of the
trapezoid on the left-hand side of the equation. We will then
put the sum of the area of thethreeright triangleson theright-
hand side of the equation. After simplification we will then
get back to @+ b?= 2

Y(a+ b)(a+ b) = Yaab + Yeab + Y4cc
Y(a+ b= ab + ¥4c?
(a+byp=2ab+¢

&+ 2ab+b?=2ab+

a@+b?= ¢
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7 Absolute attribution isthe decomposition of aportfolio
total return among aset of attributes.

8 Relative attribution is the decomposition of the over/
underperformance of a portfolio relative to a benchmark.

® These proofs assume no cash flows. Because percent-
agereturns are not affected by cash flows, the formulas hold.
However, in actually calculating period returns amidst flows,
one recommedation | would make is to value the securites on
cash flow datesand compound sub periods between these dates
to maintain accuracy. Note that in this situation the end dollar
amount of the prior period will not agree to the beginning dol-
lar amount of the current period however, percentage return
will beleft unaffected. | continuewith thisassumption through-
out the paper.

10 Damien Laker insists that the Frongello linking method
(2002) was actualy a globally accepted linking algorithm long
before | wrote my paper in 2002. However, Damien Laker has
been unable to produce any published sources outlining the
Frongello method prior to my 2002 paper.

I The multi-period Brinson cumulative selection (alloca
tion) will generally be underscaled, meaning less negative or
less positive, when the selection (all ocation) notional portfolio
hasalower cumulative return than the cumulative return of the
portfolio asawhole. For therest of my paper, | will assume that
the active manager is adding value in selection and all ocation,
but keep in mind that the misstatement can occur in the other
direction depending on the relative performance of the com-
pounded notional portfolios.

12 I’'vechosentoillustratethetotal attributionin percentage
terms to help illustrate the distortion introduced by the muilti-
period Brinson method without requiring thereader tojudgethe
appropriateness of nominal cumulative attributesrelativeto the
nomina cumulative outperformance.

13 Although the Frongello method is the only method for
calculating true cumulative effects, |1 applaud Menchero and
Carifio in developing accurate approximations. Only in the spe-
cial case of identical duplicate periods do the Frongello, Carifio,
and Menchero methods produce the sameresults. Frongello be-
ing the only order dependent method.
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